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1 Introduction 

g-Painleve equations and their solutions have been studied from various viewpoints. Es- 
pecially, Sakai gave a natural classification of discrete Painleve equations by means of the 
geometry of rational surfaces |14) . In this classification, discrete Painleve equations are clas- 
sified by means of affine Weyl groups. 

For the solutions of g-Painleve equations, seed solutions of hypergeometric type were 
obtained (see for instance [6]). More general solutions obtained by applying the Backlund 
transformations have been given in p] [2] [4] [5] [7] [8] [9] [13] . These results are based on the 
bilinear relations for the r-functions. 

g-Painleve equation of type Eq~\ a main subject in this paper is first proposed in 
We study the equation in the form appeared in [T2] i.e. the equations (|54"|) and (I55|) where /i 
and <?i are variables and &i, • • • , b% are parameters. And in [6], a hypergeometric solution to 
the q-Painleve equations is expressed in terms of the q- hypergeometric series (|46[) . Though 
the seed solution (|46[) for the q-Painleve equation is already known, any results have not been 
obtained for its Backlund transformed solutions so far. 

In this paper, we will construct the hypergeometric solutions to the q-Painleve equation 
of type E^ in a determinant formula by using Pade method [T5][16|. which is one method to 
derive Lax equations to the Painleve equation. Applying this method to q-Painleve equations 
were not accomplished for E^ case before. 

This paper is organized as follows. In section 2, we will get g-Painleve VI equation[3] 
by Pade method (Theorerr l2.2[) as warming up example. Using this method, we will obtain 
g-Painleve equation of type Eq (Theorerr l3.2[) and its explicit solutions in determinant for- 
mula (Theorem I3.6j) in section 3. In appendix [Aj we will discuss the relation between QRT 
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system[TO] and g-Painleve equations. Finally in appendix[B] we will study a relation between 
the Padc method and the Backhand transformation. 



2 The case of (g-PainleveVI) 

In this section, we will derive the Lax pair for g-Painleve equation (Theorem 12.11) and 
the g-Painleve VI equation (Theorem I2.2p by using the Pade method. 

2.1 Construction of the difference equation 

Let 01,02,03,04 € C\{0} be complex parameters. Define a function Y(x) as 

(aix, a 2 x) ao 



Y(x) 



(03a;, CL4X) 



where the symbol ( )j is defined as 



(1) 



{Z!,Z 2 ,--- ,Zi)j = Y\{l-q k z 1 ){l-q k z 2 )---{l-q k z l ). 



fe=0 



Let m, n £ Z>o and put N = m + n. We consider the approximation of Y{x) by rational 
function 



v / \ Pm\X) , , N+l\ 

= 7TTT ( mod x ) 



(2) 



where P m {x) and Q n {x) are polynomials of order m and n respectively and the constant 
term of Q n (x) is 1. 

We will construct two difference equations whose solutions are P m (x) and Y(x)Q n {x). 
We define a transformation T as 

T : 02 1— > qa 2 , 04 1— > 004 

and we denote as T(y) — y and T~ 1 (y) = y. Here and in the following, we will write 
only non-trivial actions. Using this transformation T, we will construct following difference 
equations 

y(x) y(qx) y(x) 

L > : Pm{x) Pm{qx) _P m {x) 0. 

Y(x)Q n (x) Y(qx)Q n (qx) Y(x)Q n (x) 



L 
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y(x) yjx) y{x/q) 

(x) P m {x) P m (x/q) 

Y(x)Q n {x) Y{x)Q n {x) Y(x/q)Q n (x/q) 



= 0. 



Theorem 2.1 The explicit form of the equations L 2 and L% are obtained as 
L 2 : g{a 4 x)iy(x) - {a x x)iy{qx) + ci(xf)iy(x) = 0, 



L ^'A—) y(x)+g(a2x)Mx)-q N+1 (j x ) "(-)=" 



(3) 
(4) 

(5) 
(6) 



where f, g, c\ and c 2 are constant with respect to x and f — T(f). 
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Proof 

First, we will consider the equation L 2 . By definition of Y{x), we have 

Y(qx) (asx,a4x)i Y(x) (ci4,x)i 



Y(x) (axx,a2x)i Y{x) {a 2 x)i 
Then the coefficient of y(x) in L 2 is computed as follows, 
Y(qx)P m (x)Q n (qx) - Y(x)P m (qx)Q n (x) 

= Y(x)\ Y J)J X } P m {x)Q n {qx) - P m (qx)Q n (x) 

= Y{x){ ^ ^ P m (x)Q n (qx) - P m (qx)Q n (x) 
{ {a 1 x,a 2 x)i 

Y{x) 



(aix,a 2 x)i 



(a 3 x, aix)iP m (x)Q n (qx) - (a ± x, a 2 x)iP m (qx)Q n (x) 



The part in { } of the last expression is a polynomial in x of order N + 2. By definition for 
Pade approximation, this polynomial has zero at x — of order N + 1. So, the coefficient of 
y(x) is given by 

CnX N+1 Y(x) 

A(x) := Y(qx)P m (x)Q n (qx) - Y(x)P m (qx)Q n (x) = -5 ^(xf^ (7) 

(aix,a 2 x)i 

where cq and / are some constant. 

Similarly, the coefficients of y(qx) and y(x) are given by 

— — — cY(x)x N+1 

B{x) := Y{x)P m {x)Q n (x) - Y(x)P m (x)Q n (x) = } ' , (8) 

(a 2 x)i 

C{x) := Y{x)P m {qx)Q n {x) - Y{qx)P m {x)Q n {qx) = ' >\ (9) 

(aix, a 2 x)i 

where c, c' are some constant. By putting g — c' /c, c\ — co/c, we obtain L 2 in the equation 
Next, we will consider the equation L3. By definition. 

Y(x/q) \q X> q X ) 1 Y(x/q) [q* 



Y(x) ( a 3 a 4 \ Y(x) ( a 3 

' — x, — x — X 

q q Ji V 9 



The coefficient of y(x) is 



Y(x/q)P m (x)Q n (x/q) - Y(x)P m (x/q)Q n (x) = -A\- 

q 



— v( \ / \ N + 1 / 1 

coY (x) I x \ I xj 



a 3 \ \qj \ q 

— x, a 2 x 

q 
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The coefficient of y(x) is 



Y(x/q)P m (x)Q/n(x/q) - Y(x)P m (x/q)Q n (x) =C[- 



cY{x) fx 



a 3 
— x 

q 

The coefficient oiy(x/q) in L3 is B(x). So, we get L3 when we simplify coefficients where 
c-2 = co/c. □ 

2.2 Compatibility condition 

We will consider the compatibility condition of the equations §5§ and ([6]) . 
Theorem 2.2 The compatibility condition of the equations f5|j and is given by 

q N+i (^L 

gg = , f { yi . (in) 
r qa 2 qa^ 



f f Ji 
aia 3 [ -g, -g , 

i7= \° ig g r A 



XTiis is a q-PainleveVI equation^. 



Proof 

First, we will prove the equation (|T0|) . Translate L 2 by T, we have 

L 2 : g(qa4x)iy(x) - (aix)iy(gx) + cT(x/)if(x) = 0. 
We put x — 1/ f in this equation, then we have 

Kt)X?)- (7) XfH 

On the other hand, putting x = q/f in L3, we have 

^WlV^f^WiW- (13) 

Hence, 



f Ji\fJ \fJi \f 



q N+l 



ai a 3 



gg= 7 V/ { • < N -i 
ga 2 904 

T'T 
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Then, we will prove the equation (fTT|) . P m (x) is a solution of L 2 and L 3l so we substitute 
for P(x) = ko + ■ ■ ■ + kx m in the L 2 and L 3 and check the highest order 

(-ga 4 + ai q m )k - cjk = 0, 

-^-k + (-ga 2 + q n a 3 )k = 
9 



hence 

C1C2././ '/ "I" '.I , 

^aiq" 1 a 3 q' 1 J l 

By checking the lowest order similarly, we have 



el N+l ( a * a 2 « . . 

c\c 2 ff = q ^ a 1 a 3 [——g, -g . (15) 
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c 1 c 2 = q N + 1 (g,J^) ■ (I" 1 



From (fl5|) and (fl6]) . we get 



/ 04 a 2 
aia3 m^, — 2~9 1 



□ 



5 ' 9 Af+1 / 1 



3 The case of ^ 

In this section, we will derive the Lax pair for E^p g-Painleve equation (Theorem 13. II) . the q- 
Painleve equation (Theorcm l3.2[) and its special solutions in a determinant formula (Theorem 



3.1 Construction of the difference equation 

Let ,04 G C\{0} be complex parameters. Define a function Y(x) as 

y, x _ {aix,a 2 x,az,a A ) 00 . 
(ai,a 2 ,a 3 x,a 4: x) 00 

When 

Xi := <f , (19) 

we get 

W :=y(*0 = !^. (20) 
Interpolate Y" (a;) by rational function 

y (x)= PnJpl ( X = q i i = Q lr . N) (21) 

Qn(a;) 

where P m {x) and Q n {x) are the same form in section^ We define the transformation T as 

T:rn4m-1, 02 ^ ga2. (22) 
We will consider the equations L 2j ^3 i n the equations and (@|. 
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Theorem 3.1 The explicit form of the equations L 2 and L 3 are given as 

L 2- [-) y{x) - {a 1 x) 1 y{qx) + c x x{xf)iy{x) = 0, (23) 



l 



( x f\ ( x x \ —i f a 3 a i \ —f x \ 

L 3 :c 2 x[ — y{x) + a 2 x, -jr, — y(x) - —x, —x,x y - = 0. (24) 
U/i V 9 N 99 Ji V 9 9 J i \q; 

Proof 

First, we will consider the equation L 2 . By definition, 

Y{qx) _ (a 3 x,a4,x)i Y(x) _ (o 2 )i 



Y(x) (a 1 x,a 2 x)i Y(x) (a 2 x)i 



The coefficient of y(x) is same form in £)g . So, 



Y(x)K(x) 

Y(qx)P m (x)Q n (qx) -Y(x)P m (qx)Q n (x) = 



{aix,a 2 x)\ ' 

K(x) = {a z x,a i x)iP m (x)Q n (qx) - (a 1 x 1 a 2 x)iP m (qx)Q n (x) 

where K{x) is a polynomial of x of order N + 2. 

By definition for Pade interpolation, The polynomial K{x) have simple zeroes at x = 
and x = q % (i = 0, • ■ • , N — 1). So, the coefficient of y(x) is given by 

A'(x) := Y(qx)P m (x)Q n (qx) - Y(x)P m (qx)Q n (x) = c ° xY ( x \ TT (a-/)! (25) 

(aix,a 2 x)i ai \q*J 1 

where cq and / are some constants. Similarly, the coefficients of y(qx) and y{x) are given by 
B'{x) ~Y(x)P m (x)Q n {x) - Y(x)P m (x)Q n (x) = (^) > 



JV-1 



C'(x) := y( a ;)P m (^)g n (x) - r(< Z x)P m (x)Q„(g 2 ;) = - TT ( - ) ( - ) (26) 

(a 1 x,a 2 x) 1 V? /i\9/i 

where c, c' and 17 are some constants. So, we get 



c' y-J y(x) - c(aix)iy(qx) + c a x(xf)iy(x) = 0. (27) 

We substitute x = 0. Then we get c' = c. Finally, by putting c x — Cq/c, we obtain L 2 . 

Next, we will consider the equation L 3 . Similarly in the coefficients of y(x), y(x) 

and y(x/q) are given by —A'(x/q), C'(x/q) and B'{x) respectively. So, we obtain L 3 . □ 

3.2 Compatibility condition 

We will consider the compatibility condition of the equations (1231) and 
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Theorem 3.2 The compatibility condition of the equations i23\) and {21$ is given 

a\ q a 3 a 4 

1 1 \ V7'7'7'7A 



fg fgj 1 / «2 1 



f'q N fJ 1 
(fgjg)i _ q N ~ 1 (aig,qg,a3g,a 4: g)i 

TTiis is a q-Painleve equation type Eq 1 ^ . 
Proof 

First, we will prove the equation ([25]) . We put x = 1/ f in £2- 



^)X?)" (7)^(7 



= 0. 



On the other hand, Translate L3 by T 1 , we have 

Putting x = q// in £3, we have 

'a 2 1 1 \ /<?\ { a 3 a 4 q 



f q N f fgJiKfJ \f f fJi\f 

Hence, 

1 1 \ _ V/'/' /' fJi 



Jg fgJi ( ^2 1 

Then, we prove the equation We put x — g in L2, we have 

- (aig)y(qg) + c 1 g(fg)iy{g) = 0. 
On the other hand, putting x — qg in L 3 , we have 

C2qg(fg)iy{qg) - (a 3 g,a i g,qg) 1 y(g) = 0. 

Hence, 

cic 2 qg 2 (fgjg)i = (a 1 g,a 3 g,a 4 g,qg) 1 . 
We substitute for P(x) = • • • + fcx m in the L2 and L3 and check the highest order. 

a iq m -- )fc-ci/fr = 0, 



9 lg ff+1 s <T+V ' 
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Then, we have 



a 3 a4q 
«2 aiq g, g 

cic 2 = WY a ' (36) 

q N rff 



From (|33|) and (j36l) . we get 

if 9,79)i _ q N ~ 1 (a 1 g,a 3 g,a 4 g,qg)i 



a 2 [ a x q g, g 



(37) 



1 

□ 



3.3 Explicit form for / and g 

We will derive the concrete form of P m and Q n fLemma l3.4p . Then, by using these formulas, 
we will derive the explicit form of / and g (Theorem 13. 6|) . 

First, we consider the Pade problem (|21|) for general {xi} and {yi}- We will prove following 
theorem. 



Theorem 3.3 The polynomials P m (x) and Q n (x) are given as 



P m (x) = F(x)det )_V/<- 



N 



N 



Q n (x) = det I xl +J u s (x - x s ) 



s=0 



i,j=0 
n-1 

i,i=0 



(38) 
(39) 



where u s = y s /F'(x s ), F(x) = Y\f =0 {x - Xi). 
Proof 

In this proof, we use the notation [k] = {0, 1, • • • , k} for k 6 Z>o and Am = ria./3e[fe] i x a— xp). 
The determinant in the equation (|38p is evaluated as 



a</3 



N 



det I x 



i+j _ 



X X?. 



i,j=a 



e n 

ic[N] sei 

/|=ri+l 

e n 

ic[N] sei 

|/|=n+l 



N 



i X i)jt[n] 



Similarly, 



N 



det I x^'u^x — a; s ) 



s=0 



*>J=0 7 C [JV] sS-T 
|/|=n 
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Let 



R( X )= e A ?n 

and we will prove 



W(x) = £ Aj]Ju s (x-x s ) 



ic[N] sei 

I\=n+1 



IC[N] sEl 

\I\=n 



F(x)R(x) 



W[x) 



We substitute x — Xi(i e [N]) in F(x)R(x) and put I = I' U {i}, then 

/C[AT] se/ s£7 

|/|=n+l 

A ?'u{i> n Us n (^-^) 

/^{ijClAf] s£/'U{i} s£/'U{j} 

|/'u{i}|=n+l 

= $z A ru{i} u i n Us n ~ **) 



I'u{i}C[N] 
\I'\=n 



SEP s gl' 



Aj,Y[(x l -x s ) 2 Y[usY[{x l ~x s ) 



l'U{i}d[N] sei' 
\I'\=n 



ser s <£i' 



I'U{i}C[N] s£l> 
|Z'|= n 



SEP 



W{ Xi ) = A? JJu.ta:* 



IC[AT] »eJ 
J|=n 



A?, — x s ) (if s = i, J^[u s (a;j — x s ) = 0). 



r'c[JV] ser 

\I'\=n 



So, 



Hence, (|4*U)l is proved. 



F(gi)g(gi) 
W(a:<) 



UiF'(xi) = y. L . 



(40) 



□ 



Lemma 3.4 5y specializing Xi and yi as the equations U9\) and S20\) respectively, we have 

l N+1 )oo^(a 3 ,a 4 , q - N ) s q^+V\ n 



P m (x) = F(x)det( {q 



Q n {x) = dct 



(9 



s=0 

N+l\ N („_ „. „-N 



(g)c 



^ (a 3 ,a 4 ,g ) 3 gS(i+j+1) 
^— ' (ai,a 2 ,g) s 



s=0 



<,3'=0 
n-1 

*,i=o 



(41) 
(42) 



9 



Proof 

First, we calculate F'(x s ). 



Here, 



F'(x s ) = (x s - xq) ■ ■ ■ (x s - x s -i)(x s - x s +i) ■■■(x s - x N ) 

= (_l)'gVa(-l).(g) i g.(^-) (g)jv _ j> . 



(q N - s+1 U 
(9)c 



Furthermore, 
So, 



(q N - s+1 )s(q N+1 )oo 
(q- N ) s = (43) 



By using this relation flU}, F'(x) is given by 



F'fa: ) - a~ s (g) s (g)°° f45) 

(q- N )s(q N+1 W ( j 



By using the equation (f4"5j) . the equation (|^T|) is evaluated as 

, iV V 

P m (x) = F(x) det V x\+* 



s =o s 7 *>i=o 

^ F(x)de t(^— i^y ( ° 3 ' a4 ' g Ji g ) . 

V (9)oo ^ {ai,a 2 , q ) s x~q s J i>j=0 

Qn(x) is similar. □ 
By using the Lemma 13.41 we get the following lemma. 



Lemma 3.5 The values of polynomials P m (x) and Q n {x) at special points are given as fol- 
lows. 



a 2 J a? V (02)1(9)00 V °i'9 a 2 



i,J=0 



Pn 



a 3 y w V9/JV+1 v(«3/9)i(o)oo 3 ^ v 01. 02 Vi )J=0 
W; w v 9 / jv+i u«4/9)i(9)oo 3 ^ 21 o 1>02 - 9 ^ 



iV+l\ —TV x ™ _1 



det (Y^) (5^3^(03, 04, « " ;9 i+J+i 
01 y V a i/ \\qJi (9)oo v Oi/o,a 2 



i,J=0 
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32/ \ a 2/ \\qJi (<?)oo v ai,a 2 /q 



1-1 



i) = (i)'' det ((„ 4 ,,<^3. 2 (»«-f >r' 



where 



-(s)" d- ( Mi4 9r 1 * w ('*e» 

/ai,a2,a 3 n (oi, a 2 , a 3 ) s 

6 ^ ; * )= g fr.fa,*).*' 



3^2 is a q-hypergeometric series. 
Proof 

We prove P TO (l/ai). Using the equation (jH 



\ai/ V («)°° {a 1 ,a 2 ,q) s 1/ai-q") iJ=0 

ioV«i V V (?)oo ^ (oi,a 2 ,g) a 1-aigy 

ai 

= ( 1.) TT(i _ 5 i ai) d et ( ai V (»"^^)V^ 

^0 ' \l-ai {q)oc {qai,a 2 ,q) s ) 

Others are similar. 

By using the above Lemma l3.5[ we will get the following theorem. 

Theorem 3.6 The explicit form of f and g are 

)n / \ n — 1 
det ( 3(^2 f 03 ' / 4 ' q ;<Z ,:+J+1 )l 
i, j= o \r_2 ai/g ' fl2 Jij =o 

\ n / — N \ n ~ 



{903)1 
(504)1 



det 

: B 

det 



\ / \ ' ' ^ / 2J— 

(\ n ✓ v n— 1 

3^(03/3,04^" ;g*+J+l) det 3^2(^3,04,0-^.^+1) 

/ \ n / \ n — 1 

3^2 ( fl 3> 04/^9" ; 3 i+i + 1 ) det 3^2 { a \\% q i+j+1 ) 
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whe 



A 



n+1 

«3 04 / s 0,1 CLl TV 

1^2, ■•■,0,2, ,•••) iQ a l 

«i \fli «i q q 



l 



B 



a 2 I a 3 a4 a 2 a 2 N 

1 — , — ,oi,--- ,ai, — , — ,g a 2 

v a 2 a 2 v ' g g 

n+1 



n+1 

ai a4 04' , * s 03 

! j ' ' ' 5 : <^3 ) ) ^3 > 

a 4 \a 3 q q q 7 1 




a 3 a 4 
— , 04, • • • , 04, — 
9 v « ' 9 



1 



Proof 

First, we prove the equation (J4TJ) . We substitute x — l/ai,l/a 2 for the equation (f25j) . we 
have 



°i °i j 1 v a iy v a iy ^ v 9 a i / 1 a i v a i / 1 

a 2 a 2 ) l V a 2/ \o-2 J fj^ \q l a2 J 1 a 2 \a 2 / 1 
respectively. Taking a ratio of these two equations, we have 

/ \ W+l , N-l , i v -P,„ Qn 

\ a l TT (Wl \ a l/ \ a l 



02/ 1 \ a 2 a 2/! V a 2/ V°2 

Then, by using the Lemma 13.51 we obtain the equation (1471) . 

The proof of the equation (|48[) is similar, where we substitute x = 1/03,1/04 for the 
equation ([26)) . □ 

A Relation to the QRT system 

Painleve equation is a non-autonomaization of the QRT system [TTj. In this appendix, Using 
a pencil (i.e. a 1-parameter family ) on P 1 x P 1 of order (2,2), we will derive the autono- 
maization of the equations (|10p , (TTTT) for g-Painleve VI equation and the equations (|2"51) , (|2U)) 
for q-Painleve equation of type from the QRT point of view. 

A.l The case of g-PainleveVI equation 

We consider a polynomial of order (2, 2) passing the eight points at 

(01, 0), (a 2 , 0), (0, a 3 ), (0, a 4 ), (as, 00), (a 6 , 00), (00, a 7 ), (00, a 8 ) (49) 
(Figure [T]). Then, the following lemma is obtained. 
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Lemma A.l When the eight parameters a\, ■ ■ ■ , as satisfy the condition 

ai«2Q7«8 _ 1 
03040506 

the polynomial of order (2, 2) passing the eight points |^ff| ) forms a 1-parameter family. 



(50) 



Proof 

Let P(x) be a polynomial of order (2,2) passing through the eight points (j49|) . First, we 
consider the conditions that P(x) passes the points at (oi, 0), (02, 0), (0, 03), (0, 04), (05, 00), 
(a.6,00). Then, P{x) is determined as 

2 / \ cii <Z2 / \ 0102 9 0402 / \ 2 

x - (ai + a 2 )x + aia 2 (03 + 04)y H y (a 5 + a 6 )xy 

0304 0304 03040506 

H ^—^ — x 2 y 2 + ax 2 y + Xxy = (51) 

03040506 

up to over all constant, where a and A are parameters. We substitute x = 1/u for the 
equation (|51[) and put u = 0. Then, 

-y + ay + 1 = 0. 



(52) 

03040506 

By definition of the polynomial P{x), the solutions of the equation (|52[) are 07 and as- So, 



-y +ay + l = (y - a 7 )(y - a 8 ). 



(53) 



03040506 03040506 
By comparing coefficients of the equation above, we get the condition ([50)) and the relation 

0402(07 + a 8 ) 



03040506 



As a result, P(x) is given by 

Xxy + F(x, y) = 
where F(x, y) is a polynomial of order (2, 2) and A is a parameter. 



(54) 

(55) 

□ 





y = 00 




x = 




X = OO 




?/ = o 





Figure 1: Eight points for o-PainleveVI 



We consider the case where the condition (fBTJf is satisfied. When we give a generic initial 
point (xq, yo), then the curve Co passing through it is determined uniquely. Then we get the 
following theorem. 
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Theorem A. 2 Consider the intersection of the curve Cq and {x — xo}, and let (xo,yo) and 
(xo,yi) be the intersection points. Then, we get 

(x - ai)(.T - a 2 ) 

2/o2/i = 7 77 -a 7 a$, (56) 

(x ~ a 5 )(xo - as) 

Similarly, Consider the intersection of Co and {y = yo}, and let (xo,yo) md (x\,yo) be the 
intersection points. Then, 

(2/0 - 03X2/0 - Q4) 
xqXi = - -a 5 a 6 . (57) 

(2/0 ~ 05) (2/o - a 6 ) 

Proof 

We prove the equation (|56|) . First, the curve Co is given by the equation ([55jl where A = 
—F(xo,yo)/xoyo- Let F(x,y) — A(x)y 2 + B{x)y + C(x) where A(x), B{x) and C{x) are 
second degree polynomials with respect to x. And we put x = xq in the curve Cq. Then we 
get a following equation 

Mxo)y y 2 - {^0)2/0 + c(%o)}y + c{x a ) ya = o. (58) 

The solutions of the equation ([58)) are yo and y%. So, by the relation of roots and coefficients, 
we get 

2/02/1 = -77 — ?■ 59) 

Then, by the definition for the polynomial F(x,y), it follows that 

F(a 4 ,0) = (i = l,2), F(aj,oo)=0 (j = 5,6). 

And the solutions of the equation F(Q,y) = are a 3 , 04. So, by the relation of roots and 
coefficients, yoVi = 03^4 when xo — 0. 

By the results of above and the condition ([5U)l . we get the equation (|56")l . The equation 
(|57|) is similar. □ 

The equations (I5B1 and (|57|) are the same form for the q-Painleve VI equation (|T0| and 

CD- 

A. 2 The case of 

Similarly in appendix IA.1| we consider the polynomial of order (2, 2) and eight points at 

(ai,0), (a 2 ,0), (0,a 3 ), (0,a 4 ), (a 5 , — ), (a 6j — ), (a 7 , — ), (a 8 , — ) (60) 

a 5 a 6 a 7 a 8 

(Figured)). Then, the following lemma is obtained. 

Lemma A. 3 When the eight parameters ax,a%, • ■ ■ ,ag satisfy the condition 

a 3 a 4 a 5 a 6 a 7 a 8 

= 1, (61) 

a\02 

the polynomial of order (2, 2) passing the eight points i60\) forms a 1-parameter family. 
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Proof 

Let P(x) be a polynomial of order (2,2) passing through the eight points (|49|) . First, we 
consider the conditions that P{x) passes the points at (ai,0), (a 2 ,0), (0, a 3 ), (0,04). Then, 
P(x) is determined as 

2 / \ O1O2 / \ 0\0 2 9 2272 2\ / \ 

x — (ai + ci2)x + a\a 2 (03 + a^jy H y + ax y + bx y + cxy + \xy = (62) 

up to over all constant, where a, 6, c and A are parameters. We substitute x — u and y = l/u. 
Then, 

4/7 \ 3 / \\2r O4O2 , x O4O2 / \ 

?i + (0 — ai — 02)1* + (aia2 + a + A)u + {c (03 + a±))u H = (63) 

0,3124 0,30-4 

By definition of the polynomial P(x), the solutions of the equation (l63|) are 05, ag, 07 and 
as. So, 

An \ 3 / >\ 2 r QlQ2 , n Oi02 

u + [o — a\ — a,2)u + (aia.2 + a + X)u + {c (a 3 + a A )\u H 

0304 030-4 

= (tt - a 5 )(u - ae)(u - a 7 )(u - a 8 ). (64) 

By comparing coefficients of the equation above, we get the condition (jBTjl and the following 
relations 

a = -A - o\a 2 + a 5 a 6 + a 5 a 7 + a 5 a 8 + a 6 a7 + a 6 a 8 + 0.70,8, 
6 = ai + a 2 - (a 5 + a 6 + a 7 + a 8 ), 

O1O2 / \ / -1 

c = (a 3 + 04) — (a 5 a 6 07 + 05a 6 a 8 + 050703 + o 6 a 7 a 8 ). 

0304 

As a result, -P(x) is given by 

Xxy(l - xy) + F(x, y) = (65) 
where F{x, y) is a polynomial of order (2, 2) and A is a parameter. □ 





= 1 




x = 








y = o 



Figure 2: Eight points for E^ 1 



We consider the case where the condition (|6i"T) is satisfied. We give a generic initial point 
(xo,yo), then the curve Co passing through it is determined uniquely. Then we get the 
following theorem. 
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Theorem A. 4 Consider the intersection of the curve Cq and {x — xo}, and let (xo,yo) and 
(xo,yi) be intersection points. Then, we get 

(xpyi - l)(x y - 1) _ (x Q - a 5 ){x Q - a 6 )(xo - a 7 )(xo - a 8 ) 
yoyi (xo - ai)(xo - ai) 

Similarly, Consider the intersection of the curve Co and {y = yo}, and let (xo, yo) and (xi, yo) 
be intersection points. Then, 

(xiy - l){x y a - 1) _ (y a 5 - l)(y a 6 - l)(yo«7 - l)(yoQ8 ~ 1) ^ 
xoxi (yo ~ a 3 )(yo ~ ai) 

Proof 

We prove the equation (|66|) . First, the curve Co is given by the equation (|65|) where A = 
-F(x ,yo)/x yo(l - xoyo)- Let F(x,y) = A(x)y 2 + B(x)y + C(x) where A(x), B(x) and 
C(x) are second degree polynomials with respect to x. And we put x = xq in the curve Co- 
Then, we get the following equation 

(A(x a )y + B(x )x y + C(xo)x )y 2 - (A(x )yl + B{x Q )xoyl + c ( x a))y 

+ C(x )yo(l - x y ) = 0. 



The solutions of the equation (|68|) are yo an d yi- So, by the relation of roots and coefficient, 
we get 

y yi = C{x )yo{l - a; yo) ^ 

A(x )y Q + B(x Q )x y Q + C(x Q )x ' 

Namely, 

yi = C(x )(l -x y ) , 7Q ^ 

A(xo)yo + B(xo)x yo + C{x )x Q ' 
We substitute the equation (1701) for (xoyi — Then, we get the following equation 

xoyi - 1 _ (A(x Q ) + B(x )x + C{x )x 2 l )yo 



yi C(xo)(l - x yo) 

xlF(xp, l/x )y 
C(x )(l - x Q yo) ' 



(71) 



The order of the numerator and the denominator of the r.h.s. of the equation (I7ip are (4, 1) 
and (3, 1) respectively. By the definition for the polynomial F(x,y), it follows that 

a 2 F(a. l ,l/a i ) = (i = 5,6,7,8), F( aj ,0)=0 (i = 1,2). 

and hence, yoyi = a^a^ when xo = 0. 

By the results of above and the condition (fBTj) . we get the equation (55} . The equation 
(|67|) is similar. □ 

The equations (|66|) and (|67j) are same form for the g-Painleve equation of type E$ (|28| 
and O. 
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B Pade Method and Backlund transformations 



In the main text, we constructed the g-Painleve equation of type Eg with respect to the 
direction (|22[) . But, we can construct g-Painleve equation by using other directions. 

In this appendix, we will discuss the relation between these g-Painleve equations along the 
various direction and Backlund transformations. First, we will summarize about Backlund 
transformations. Then, we will discuss the relation between the g-Painleve equations for 
various directions and Backlund transformations. 



B.l Backlund transformations 



We formulate the Backlund transformations of the affine Weyl group of type E§ 



(i) 



Let A be the Cartan matrix of type E { 



(i). 





f 


2 

















-1 \ 









2 


-1 





















-1 


2 


-1 











A — (a.ij)ij = Q — 










-1 


2 


-1 





-1 















-1 


2 


-1 





















-1 


2 







V 


-1 








-1 








2 / 


We define the transformations Si 


(i = 


0,1,2 


,3,4, 


5,6) 


and 




= 1,2) 



bk (k = 1, 2, 3, 4, 5, 6, 7, 8) and variables / and g as follows. 



= 1,2) on the parameters 



s : (6i, 62,63,64,65, 65,67,6s,/, .9) i-» (&i, 6 2 , o 4 , o 3 , 6 5 , & 6 , o 7 , 6 8 , /, g), 
si : {b 1 ,b 2 ,b 3 ,b 4 „b 5 ,b 6 ,b 7 ,b 8 , f,g) i-» (b 2 , h, b 3 , 6 4 , b 5 , b 6 , b 7 , b s , f, g), 

1 



s 2 : (bi,b 2 ,b 3 ,b i ,b 5 ,b e ,b 7 ,b 8 ,f,g) h-> [h, — , b 2 b 3 b 8 , b 2 b 4 b 8 , b 5 , b 6 , 

1 b 2 ' l-b 2 f - fg + b 2 b 8 fg 



S3 
S5 



(b 1 ,b 2 ,b 3 ,b 4 ,b 5 ,b 6 ,b 7 ,b 8 , f,g) ^ (b 1 ,b 2 ,b 3 ,b 4 ,b 8 ,b 6 ,b 7 ,b 5 , f, g), 
(61,62,63, h, 65, b 6 ,b 7 ,b 8 ,f, g) ^ (b 1 ,b 2 ,b 3 ,b i ,b 6 ,b 5 ,b 7 ,b 8 , f, g), 
(61,62,63,64,65,66,67,6s, f,g) i-> (61,62,63,64,65,67,66,68,/,^), 

1 



s 6 : (61, 6 2 , 63,64,65,66,67,6s,/, g) i-» 616368,62636s, —,64,65,65, 

6 8 



6-. 



/(6 8 .g - 1) 



7Ti : (61, 6 2 , 63, 64, 65,65,67,63,/, g) i-> 



1 

63 ' -6 3 6 8 + 6 8 .g - /.g + 6 3 6 8 /3 
11111111 



..9 



64 ' 63 ' 62 ' 61 ' 65 ' be ' 67 ' 6s 



,9,f 



tt 2 : (61, 6 2 , 63, 64, 65,65,67,63,/, g) (->• I 7*-,r-, 



,—,6.,-, 
67 6 6 636563 646563 62 

ij , i-/g 

V ' / + 65633 - b 5 fg - b 8 fg 



(72) 
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Remark B.l The actions sq, ■ ■ ■ , sq, tti, and ix 2 are invariant under the following trans- 
formation of 

(bi, 6 2 , b 3 , 64, 65, b 6 , b 7 , b$; f,g) 1— > (61/A, 6 2 /A, b 3 /X, 6 4 /A, A6 5 , A6 6 , A6 7 , A6 8 ; Xf,g/X) 
where A zs any parameter. 
Then, wc have the following lemma. 

Lemma B.2 The transformations J7I?[ ) satisfy the fundamental relation of the affine Weyl 
group W(E^): 



si 


= 1 (i = 0,..-,6), 




= 1 (i = 1,2), 




= 1 («y = -1), 




= 1 K=0), 


(TTl 7T 2 ) 3 


= 1, 






S 2 TTl 


= ^lSj 




= (1,0), (2, 6), (3, 3), (4, 4), (5, 5)), 


Sl7T 2 


= 7T 2 Sj 


((m) 


= (0,0), (1,5), (2, 4), (3, 3), (6, 6)), 



Proof 

Direct calculation. □ 
We put q = b^bsb^^bebjbs- It is well known that for any element T of the translation 
subgroup of W(^ 1) ), the operation of T is regarded as Painleve equation. For example, put 

T = rr (73) 

where 

r' = iririri , (74) 

r = TT2S S 5 S4S 5 S3S4S 5 S 2 S3S4S 5 SiS2S3S4S 5 . (75) 

Then, the following theorem is obtained. 

Theorem B.3 For T € W(E^) given the equation |75p , we have 



65 56 67 bs 
1 lAV/'/'/'/A 



fg fgj 1 ( J_ J_ 

\hf , b 2 fj 1 

(JgJjih = bib 2 (b 5 g,b 6 g,b 7 g,b s g) 1 

11 ~ >(tt\ 



(76) 
(77) 



where g = T (g) = r (g), f = T(f) = r'(f). Furthermore by operating T to the parameters 
(61, • • • , bs), they shift as 

(b 1 ,b 2 ,b 3 ,b4,b 5 ,b 6 ,b 7 ,b 8 ) H> {b 1 /q,b 2 /q,qb 3 ,qb 4 ,b 5 ,b 6 ,b 7 ,b 8 ) (78) 
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Proof 

Direct computation by using 



1 \ fh b 8 



fg/i fh\ v/ff/i V/.9/1 f }_ 

/A 1/ja 



Then, we obtain the equation (f76j) . The equation fjTTf) is similar. And the relation (|78l) is 
derived by operating T for the parameters (61, b 2 , &3, &4, ^5, be, 67, 6s). □ 

B.2 Painleve equations along the various directions and Backlund 
transformations 

By the Pade method, we can construct g-Painleve equations along the various direction Ti 
of deformations. These equations are equivalent through some Backlund transformations of 
variables (/, g) <-> {fi,gi) where / and g are variables in section [3] The variable / is defined 
by the equation (|25]l which does not depend on the direction. So, the variable / does not 
depend on the direction. On the other hand, the variable g is defined by the equation (|26|) 
which depends on the direction. So, the variable g depends on the direction in general. 

In this appendix, we will present the correspondence of variables gi by using Backlund 
transformations. 

For example, we take the following transformation T\ in the Pade method 
Ti : a\ H> qa\,a 2 >-> qa 2 , a 3 M> qa 3 , 04 M> 1704 
Then, we get the following theorem 
Theorem B.4 For the direction T\, we get 



a\ a 2 a 3 04 

1 q \ _ VA'/V TxTiJx 



fm ' fm) x ( 1 q_ 
fm 

N ~ 1 (aigi,a 2 gt, a 3 gi,a A g\)\ 



fm, 



(79) 



(80) 



/l/i {q m aia 2 gi,q n a 3 a i g 1 ) 1 
Proof 

By similar, calculation in section [3l we get the Lax equation L 2 and T3 as 

fx x \ 

L 2 : (a 3 x, a A x) 1 y(x) - — w , — y{qx) + Cix(f x x)iy{x) = 0, (81) 
\9 3i/i 

L 3 :c 2 x(— j y(x) + (a l x,a 2 x)iy(x)- (x,— ) y[-)=0 (82) 
V Q J i \ 9i J 1 \qj 

where c\ and c 2 are constants. Then we get the g-Painleve equation ([75)1 and ([501) . □ 
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Here, we make a correspondence between the parameters in (|79[) . (|80[) and the parameters 
in (|76l) , (|77| . One of the possible choice is 



h = q N , b 2 = l/q, b 3 = —^ , 6 4 = — - — , b 5 = ai, b 6 = a 2 , 67 = 03, b s = a 4 . 

q m a 1 a 2 q n 0,3(14 

In the followings, we always identify the parameters m, n, a\, • ■ • , a 4 with 6 1; ■ • • , b s . by 
this rule. In particular the direction T\ above is T in the equation (1731 . 
By using this correspondence, T± is rewritten as 

Ti : b 3 H> b 3 /q 2 , b 4 ^b 4 /q 2 , b 5 H> qb 5 , b 6 ^ qb 6 , 67 qb 7 , b s ^ qb & . 

And the Painleve equation (1751) , ([50")) are rewritten as 

65 fee &7 6s\ / fl9l \ 

h ' /1 ' fi ' /1 / 1 V 1 J j /1 _ h b 2 (b 5 gi , b e gi , b 7 g 4 , b 8 gi ) 1 , . 

hgifmJi ( J_ J_\ ' /i/T " (91 sA [ ' 

\bih'b 2 fj 1 \b 3 , b 4 J 1 

By using transformation in remark lB.ll with A/A = 1/q, we transform the equation (|83[) . 
Then, we get 



65 K_ h_ bs 

fi ' /1 ' /1 ' /1 / 1 



fm'figiJi ( l_ 

(JlShJmh _ b 1 b 2 (b 5 g 1 ,b 6 g 1 ,b 7 g 1 ,b$g 1 ) 1 

b 3 ' 64 / 1 



(84) 



(85) 



In the followings (|B.2.11 • • • , IB.2.4[) , we will consider the four types of deformation direc- 
tions Ti,-- - , T4 in terms of variables gi, ■ ■ ■ , g 4 . We will present correspondence between 
these variables g\, • ■ ■ , g± by using Backlund transformations. 

B.2.1 Ti : b 3 ^ b 3 /q 2 , b 4 ^b 4 /q 2 , b 5 t-> qb 5 , b 6 i-> qb 6 , b 7 ^qb 7 , b$ \-> qb$. 



This type corresponds to the direction considered in theorem IB. 41 And q-Painleve equation 
is the equation ((54"]) . We will use this direction as the reference direction. We compare the 
other three types with this reference direction T\. 

B.2.2 T 2 :bi^bi/q, b$ i-> qb$. 

This direction corresponds to s 2 T^ 1 s 2 . By Pade method, the Lax pair for T 2 are 

L 2 : ( b 8 x, — ) y(x) - (b 5 x, b 6 x)iy(qx) + c{x(fix)iy{x) = 0, (86) 
V 9i) x 

Ll , 4,(1!) y (x) + (£, Jl) - (t.,.) . ,87, 
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where c[ and c' 2 are constant. And the g-Painleve equation is given by 

'6 5 b 6 b 7 1 



1 1 \ U7i7i'Wi/i 



./l52' /lff2/ 1 1 

Now, we derive the relation between g\ and g 2 . We substitute x = l//i for the equation 



(89) 



(|8Tj) and the equation (|86l) . And taking a ratio of these two equations, we get the following 
equation 

f h &6 bj_ \ 

J_ _J_\ = V/i'/i'/Ji 
Jigi'fmJx f 1 \ 

In terms of Backlund transformation, the relation (|89[) can be written as 

.92 = s 2 T{ 1 (g{). 

Remark B.5 The direction T in section^ is related with this direction T 2 by exchange be 
and bg. And similarly as above, it follows that 

M-UA/m (90) 



/132/1 (h\ \f19J1 
\fJi 

B.2.3 T 3 : 61 i-> bi/q, 6 3 H> & 3 /g, 64 1-4 64/9, h^qb 5 , b 6 ^ qb 6 , b 7 ^qb 7 . 
This direction corresponds to T 2 = s^T^Si. By Pade method, the Lax pair for T 3 is 

L2 ■ (b 7 x)iy(x) - ( — ) y(qx) + eix(/ix)iy(a:) = 0, 



.93 



1 



L3 ■ c' 2 x ( —x, —x, — ] y(x) + (6 5 a;, b 6 x, —x, y(x) - (b 7 x, b 8 x, x,— ) y ( - ) = 
9 9/i V 9 V ff3/i V9/ 



where and c 2 are constant. And the q-Painlcvc equation is given by 

'65 b 6 b 7 1 



1 1 \ V/i'/i'/i'&i/iA 



(91) 



Now, we derive the relation between gi and 53. Similarly as IB. 2.21 we get the following 
equation 



1 



J153A \f191J1 

UA 

In terms of Backlund transformation, the relation (|92[) can be written as 

.93 = sis 2 (#i). 



(92) 
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B.2.4 T4 : 63 1— > 63/q, 64 64/?) ^5 >-> 965, ^8 !->■ <?&8- 

This direction corresponds to T 4 = s 2 SiS3S2T 1 _1 S2S3SiS2. By Pade method, the Lax pair for 
T 4 is 

L 2 : \ b 8 x, y(x) - [b^x, y(qx) + c' 1 x(fix) 1 y(x) = 0, 

L3-c' 2 x(— J + ( 6 5 x, — ) f/(x) - ( — x,x ) J/f-J =0 

where c' x and c 2 are constant. And the g-Painleve equation is given by 

1 b 6 b 7 1_\ 

(93) 



1 M lWi7i7i'WiA 



V/i'/iA 

Now, we derive the relation between <?i and 54. Similarly as IB. 2.21 we get the following 
equation 

1 M ^ M (94) 



./154 V/i 

In terms of Backlund transformation, the relation (|94[) can be written as 

.94 = S2SiS3S 2 r i ~ 1 (c/i). 
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